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THE whole question ot th~ influence of the rate at which the work of 
forward progression is carried out and whether there exists an optimum 
rate is one of very considerable importance both from the purely economic 
and the strictly military point of view. In this latter instance, where the 
two interests tend to clash, a definite solution of the problem would be of 
great value. ~'he question might be~ome of prime importance particularly 
in open warfare, where the men must advance as the exigencies of the 
position demand, but attp.e same time this advance can only be made at 
the cost of a considerable. output of energy, energy which must be made 
good by the supply branches. Can'it be definitely stated that there is an 
optimum rate of progress, or is the movement of unit mass through unit 

. distance done at cons'tant cost so that the energy output bears a constant 
ratio to the' distance actually covered in unit time-i.e.; is it relatively as 
costly to march at three miles per hour as it is when the pace is increased 
to five miles per hour? . 

The question is one which has engaged the attention of a large· number 
of workers but, so -far as we are aware, only once, in addition to the recent 
discussion of the problem by Cathcart and Orr [1] I has it been. dealt wi th 
from a military point of view, viz., by Zuntz and Schumburg [2J.· 
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298 The Rate of MaTChing and the Expenditure of Energy 

Although the results of Zuntz and Schumburg are of considerable interest ' 
and value it is probable that their final generalization that the cost of 
moving unit mass through unit distance increases with the velocity is not 
strictly true. Others who have worked at the problem are Amar [3J, 
Durig [4], Brezina and Kolmer [5J, Brezina and Reichel [6J, and more 
recently Benedict and Murschhauser [7]. Of these workers the two who 
have gone into the matter in most detail from the !3tatistical point of view 
are Brezina and Kolmer and Brezina and Reichel. These authors dealt. 
with the problem in tue following way. Observations, by the method of 
indirect calorimetry were made upon a subject marching over a level track 
under different ioads and at different rates. - The total expenditure in 
calories per minute was thus determined and to-obtain the net cost of the· 
work done a constant deduction was made to cover the basal or standard 
metabolism. The remainder divided by the distance in metres covered 
per unit of time and by the mass (body weight plus load) moved,reckoned 
in kilogrammes, was taken to be the cost per kilogrammetre of movement. 
The resulting series of figures were analysed and the conclusion drawn 
that the cost of movement (in the above defined sense) remained constant 
up to a velocity of the ord~r of eighty metres per minute and thereafter 
increased geometrically. Brezina and Reichel publish graphs exhibiting 
a fair concordance between the postulated theory and the _observed 
facts and are in general agreement with the views of Durig on the subject. 

The relation defined by Brezina and Reichel may be regarded from 
two points of view: (a) as a general physiological law, or (b) as an 
interpolation formula useful for deducing values within the range of the 
observations. 

From the former point of view it is- a considerable objection that .the 
law involves a discontinuity, the relation between speed and energy 
expep.diture changing suddenly at a fixed point. There is the further 
objection that other experiments upon the cost of movement have suggested 
that below a certain optimum, work ,is not economically performed 
(Frentzel and Reach [8J). 

From the latter standpoint it is to be noticed that Brezina and Reichel's 
experiments are not suitable for the determination of the goodness of fit of 
a formula because, although the range of speeds observed is adequate, 
only a single experimental measurement was available at each speed; 
what is needed is a considerable number of observations at_each speed so 
that the variability of the arrays may be determined and goodness of fit 
criteria applied. . 

The justice of the second criticism can be rendered plain by applying 
a simple test. If for example the observations are graduated upon a wholly 
different hypothesis-and the resulting graduation compared with that based 
upon Brezina and Reichel's theory and it is found that the two graduations. 
are about equally good it follows that neither hypothesis need be correct . 
but that both I/,re equally suitab]eas interpolati-on formu]ffi. 
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E. P. Oathcart, N~ V. Lothian and M. Greenwood 299 

With this object in view twenty-one measurements made under a load 
of twenty-four kilos given in the table~ on p, 172 of Brezina and Reichel's 
paper were selected. These form the second column of ' Table L 

TABLE I.-BREZINA AND RElCHEL'S OBS~RVATIONS' ON A 67 KILO. MAN MARCHING UNDER 
A LOAD OF 24 KILOS., AT VARYING SPEED., 

I 

, Metres per min, Observed cals, Calculated Calculated Percentage error Percentage error 
per kilo, per min, 1 2 1 2 

---,--- ----- --------------
43'5 0'49 0'51' 0'61 4'1 24'5 
47'0 0'50 0'51 I 0'55 2'0 10'0 
48'1 0'57 0'51 0'54 10'5 5'3 
505 0'51 0'51 0,51 0 0 
59'8 0'54 0'51 0'46 5'6 14'8 
61'3 0'52 0'51 0'46 1'9 11'5 . 65'6 0'46 0'51 0'46 10'9 0 
65'9 0'50 0'51 0'46 2'0 8'0 
66'4 0'45 0'51 0'46 13'3 2'2 
71'2 0'1)2 ,0'51 0'48 1'9 7'7 
72'9 0'50 0'51 0'48 2'0 4'0' , 
76'2 0'51 ' 0'48 0'50 5'9 " 2'0 
77'7 0'51 0'50 0'51 2'0 0 
84'6 '0'58 0'55, 0'56 5'2 3'4 
92,'0 0'59 0'62 0'62 5'1 5'1 
92'3' 0'57 0'62 0'63 8'S 10'5 
94'9 0'58 0'64 0'65 10'3 12'1 

10q 0'80 0'75 0'76 , 6'3 5'0 
105'1 0'72 0'75 0'76 4'2 5'6 
115'8 0'91 0'88 0'89 3'3 2'2 
115'8 I 0'91 0:88 0'89 3'3 2'2 

" I 

Means 5'2 I 6'5 
Means, omitting first observation 5'2' , 5'6 

As Brezina and Reichel do not publish their graduated figures an 
attempt was made' to calculate some by ,what we take to be their method. 
rrhus, it was assumed tbat the metabolic cost was constant and equal to 
the average cost for, speeds up tq 72'9 metres per minute and that there
after the increase was geometrical; so 'that, for the latter range, we deduced 
graduated values by assuming a linear relation between the logarithms of' 
the cost and the actual speeds and obtaining the constants by the method 
of least squares, ,Tbe third column,Table I gives tbeexpected value thus' 
obtained, A different hypothesis was then adopted, It was assumed that 
the relation between energy cost per unit ,of time and speed was represented 
by a parabola, y = ax2 + bx + c; where y is the cost per unit of time and 
x the distance covered in unit ~ime, so that cost, per kilo per metre would 
be given by a hyperbola of which the axis of y is an asymptote~implying 
that the cost of 'Wqrk is at first great and diminishes to an optimum value, 
thereafter again increasing. The parabola was fitted by least squares and 
the graduated values· subsequently derived as indicated; they are given in 
the fourth column of Table 1. It will be seen that the first graduated 
value by tbis method- diverges much more from observation tbanthat of 
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300 The Rate of Marching and the Expenditure of Energy 

Brezina and Reichel's process; with that exception' there is nothing to 
choose between the two graduations. Judged by the very rough test 
indicated lin the table and remembering that the error of individual 
determinations (vide infra) is of the ord~r of five per cent, one cannot say 
that either graduation deserves preference. 

This result is of some importance because, the data obtained from our 
series of experiments, while superior to those of Brezina and Reichel inas
much as several determinations have been made at each observed speed 
are inferior in that three rates of speed only were available, viz., 60, 
90 and 120 yards per minute. It follows that the mean points can always 
be made to lie upon. a second order parabola there being just three 

,equations to determine the three independent constants. . Hence the fact 
that a parabola represents the observations perfectly does not at all 
guarantee its theoretical basis ( weighting the points with the number: of 
observations and fitting by least squares will make no difference since 
the parabola through the points will evidently fulfil le!tst square con
ditions). I~ may also be remarked that the theoretical objections. to 
supposing that the physiological 'law can be expressed L?Y a parabola 
are nearly as strong as against the hypothesis of a preliminary range 
of constant costs. As noticed .above a parabolic relation for the output in 
unit time with varying pace leads to the inference that the cost of work 
in Brezina and Reichel's sense is indefinitely great for indefinitely slow 
:rates of perfor~ance; although we consider that it should be . greater 
than at some finite rate it cannot of course be indefinitely large. Hence 
we go no further than to sugge It that a parabola is a convenient inter
polation formula. To ascertain the real law we must have many sets of 
observations over a wide range; these are not yet availaple. 
, In the course of an experimental inquiry in connexion with a series of 

tests on. various types of equipment, a number of observation's (152) were, 
made on the cost of marching at three different rates, viz., 60, 90, and 
120 yards per minute, ,with d'efinite load, and a further series of 23 observa
tions r.elate to two other tests under other loads, but do not give records 
for each at the three standard. rates of marching. The experiments were 
all carried, out under identical conditions, viz., in a well-lit laboratory, 
thirty yards in length. The temperature throughout was practicfj,Ily 
uniform. The subjects employed were Mo. height, 174'6 centimetres; 
weight, 63'2 kilogrammes; Nf. l}eight, 160'0 centimetres; weight, 50'0 kilo
grammes; PI. height, 176' 5 centimetres,; weight, 68'2 kilogrammes, and 

'Oc. height, 184'2 centimetres; 'Yeight, 66'4 kilogrammes. 
In the first place, in order to determine the range of variation of 

individual experiments, a subject which has not, so far as we are aware, 
been previously discussed on the basis of a long series of experiments 
under uniform conditions, a series' of 96 observations on subject PI., 
which relate to the metabolism when marching at the rate of 90 yards, 
per minute, with a total weight,of 95 kilogrammes (68'2 kilogrammes live 
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E: P. OathcaTt, N. V. Lothian and M. Greenwood 301 

weight, plus 26'8 kilogr~mmes load) were exami~ed. If 0'20 calorie be 
taken as the unit of grouping, the resultant data are shown in Table ll .. 

TABLE Ir.-OlisERVATIONS ON PLo MARCHING AT 'NINETY YARDS PER MINUTE. 
LIVE WEIGHT 68'2 KILOGRAMMES, . LOAD 26'8 KILOGRAMMES. 

Calories per min. 

-4'70 ' 

4'70-4'90 
4'90-5'10 
5'10-5'30 
5'30-5'50 
5'50-5'70 
5'70-5'90 

·5'90-6'10 
6'10-6'30 . 

Observation 

3 
12 
13 
26'5 
19'8 
14 
5 
2 
1 

Graduated by a normal curve 
Mean = 5 '2615 cals. 

Standard deviation = 0'3217 cals, 

4 

9 
17 
23 
21 
14 

6 

} 2 

If this be taken as a frequency distribution, it is found that the mean 
is 5'26 calories, and the standard deviation 0'32 calorie. Fitting a normal 
curve of error, figures are obtained (Table II) which agree well with the 
observations. The goodness' 01 fit is measured by P = 0'83; in other words, 
were the dlstribution truly normal, we should, in sampling, get no better 
agreement than that found in more ·than eight out of ten trials. There 
need accordingly be little, hesitation in assuming that the' distribution of 
"error," or variations, is adequately. described' by the normal curve. 
From a. table of the normal curve we find that, for our experiments, the 
odds are nearly 9 to 1 that a single observation taken at random will not 
differ from the m'ean of all by ± 10 per cent, and over 900 to 1 that the 

C divergence will not amount to 20 per cent. If three times the probable 
error, the conventional limiting value, be taken to mark differentiation, that 
limit.is just over twelve per cent. The variation or "error" here involved 
is compound-in pa:r;t dependent upon the errors of experimental tech
nique; in part to be referred to physiological variations of the subfect, 
either intrinsic or due to environmental changes. To isolate the factors, 
it would be necessary to examine a series of analyses relating to the same 
gas sample. A'short series of such measurements h[l,ve recently been 
'carried out by Greenwood, Hodson, and Tebb [9J, and their work renders 

. it probable that, even ,with only moderately experienced analysts, more 
than half the "error" above calculated is not technical, but physiological, 

r.J:.'he relation of speed to cost must now be considered. .Table III 
'contains the equations determined from the mean heat productions at each 
speed for each set 'of observations, and also reduced to terms of 100 kilo
grammes. It may. be noted that this reduction, while facilitating com
parison, is subject to serious criticism, for it assumes that cost of work at 
'constant speed is independent of the total absolute mass moved, and, 
further, that no distinction need be made between live weight and dead 
weight in the calculation. The second assumption canIiot be correct, since 
we are dealing with gross cost, i.e., not excluding the basal metabolism, 
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302 The Rate of Marchin,q 'andt~e Expenditure of Energy 

while the first is unsupported by evidence. We have not, however, sufficient 
material topr?vide a more exact method of reduction to a common 
standard. 

TABLE lIl,-ExPERIMENTS AT THREE RATES OF ~iARCHING; 601 90 AND 120 YARDS 
PER' MINUTE, 

Mass Nnmber Equations (Y = Cals, and x = yds, per min,) 

Snbject m~:ed ob~:rva, ----~--------;c-c---,----,--,--------~--:__ 
'kilos, tions Actual equation Reduced to 'terms of lOO kilos, 

----------'----.----------,---------------
PI. 95'0 114 
Mo; 88'6 12 
Oc, 92'4 9 
Mo, 71'6 6 
Oc, 75'4 6 
Nf. 69'0 5 

Y = 5'914 - '08530 X + '000866 x' Y = 6'225 - '08979 X + '000912 x' 
Y = 5'605 ~ '08112 X + '000846 X2 Y = 6'326 "- '09156 X + '000955 x' 
Y = 3'967 - '04327 X + '000659x2 Y = 4'293 -, '04683 X + ;000713 X, 
Y = 4'755 - '06749 x + '000683 x' Y = 6'641 - '09426 X + '000954 X' 
Y = 1'780 + '00800 X + '000272 x' Y = 2'361 + '01061 X + 'OC0361 X2 

Y = 3'020 - '03516 X + '000483 x' Y = 4'377 - '05096 X + '000700 X2 

From all observations, 175 (including twenty-three 
observa~ions on two other subjects), . 

Y = 6'700 - '09967' X + 000967 x' 

The last equation in the table (Table III) was obtained by working out, 
the mean heat production per 100 kilogrammes at each speed from 'all the 
observations"and then calculating the constants. ' 

It will be seen that the equatIons summarising the experiments upon 
J>l. and Mo. under different loads have very similar values for the constants ;, 
whether the divergencies seen in the others, neither of them very satis
factory subjects, are fundamental or due to random error, we have no 
means of knowing, All the equations lead, notwithstanding the differences , 
of the constants, to essentially the same optimum rate of marching. 0 

TABLE lV,-ApPROXIMATE EXPENDITURE DURING ONE HOUR BY A MAN MARCHING ONE .MILE 
AT 'VARIOUS SPEEDS WITH A TOTAL WEIGHT OF 95 KILOGRAMMES, . . . . 

. Yards per,min, Cost per min.- Cost per mile- Time taken for Cost per hour- Cost per hour-
Cals; Cals, 1 mile-rnins. Cals, I Cals, II 

50 3'815 134'3 ' 35'2 166'5 ,169'0 
55 3'845 123'0 32'0 159'4 ]61'9 
60 3'918 114'9 29'3 154'8 156'4 
65 4'034 109'3 27'1 152'1 154'8 
70 4'193 105'4 25'1 150'8 153'7 
75 4'396 103'1 23'5 150'6 153'7 
80 4'642 102'1 22'0 151'5 'I ,154'8 
85 4'932 102'1 20'7 153'2 156'8 
90 5'265 103'0 19'6 ' 155'5 159'5 
95 5'641 104'5 18'5 158'5 162'8 

100 6'060 1067 17'6 161'8 IG9'O 
105 6'523' 109'3 16'8 165'5 173'3 
110 7'029 112'5 16'0 169'7 178'2 
115 7'578 116'0 15'3 174'1 183'5 

.120 8'170 119'1 14'7 178'0 191'8 
125 8'826 124'3 14'1 '184:0 

I 
199'0 

130 9'485 1285 13'5 184'0 205'4 

- , 
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The equat,ien, giving the cest per kile meved per yard is 'Obtained. 
by dividing the above expressions by x so that, if the new variable 
y/x be' written Y, the equatien becemes Y = ax2 + :x +c a hyperbela. 

Differentiating we find that the value x which makes 'y a' minimum \ 
is 'given by putti:qg x equal te '\/ ~. . ' 

The feurth celumn 'Of Table IV gives the cest per mile deduced 
from tbeequatien Y = 5'9 - 0'085X/ 0'000866,,2, i.,e.; that deduced frem the 

ebservatiens en PI.' under a lead 'Of 26'Skiles: 
An interesting questien here suggests itself. Suppese the preblem te 

be tetranspert the mass 'Of 95 kilegrammes dver, say 'One mile, with the 
least heurlyexpenditure 'Of energy, that is, a distance 'Of 'One mile is te be 

- marched and there is an heur available to do it in, is it mol'e economical 
to march the mile rapidly or slowly, and have a longer or shorter period 'Of 
rest? We now desire to calculate the total bourly expenditure, i.e .. , the 
expenditure during the time occupied in marching, and that in resting. 
To take a' specific example,' th~ total bourly expenditure involved in 
marching, 1 mile, at a rate of 50 yards per minute, would be 134'3 calories 
for the 35'2 minutes occupied in the march, and for tl).e, remaining 24'S 
minutes at rest, at a cost of 1'3 calories per minute, 32'2 calories; in all, 
166'5 calories for the hour: The resting v-alue, as in the case of the other 
data in'the table, w'as the average value of a large number 'of observations 
on subject PI. If, then, we. add to the cost per mile. the product of the 
time of resting into the postUlated rate per minute, -the results' detailed in 
column 5, Table IV, are reacbed. But this ignores tbe, stimulation of 
basal metabolism due to the feregoingexercise. Hence, in order to solve' 
the problem proposed, we should ascertain ,whether' stimulation of basal 
metabolism is er is not a function of the rate of previous work perform
ance. A certain amount of work has been done to solve this problem, 
although, so far as' we are aware,no investigation has been definitely 
undertakento correlate increased post work metabolism with the cost of 
the previous work. Leewy T10] briefly teuches en the question, drawing 
attentien te the fact that after cessatien 'Of werk there is a rapid fall in 
the intake 'Of 'Oxygen. -After me~erate work' the consumptien' returns to 
nermal in .th~ course 'Of seme six minutes, and after hard work in ten 
minutes. He \cencludes that, en the average, the increase in oxygen
censumptienduringthe whele after-periedameunts te about the censump-

. tien during 'One minute of the werking period, previded the werk is. dene 
.comfertably and without undue fatigue. He admits that after severe werk 

the oxygen intake during the pest work peried may equal the 'Oxygen intake 
during twe er tbree minutes 'Of the werk. Benedi,ct and Cathcart [11], who 
also investigated the problem, found that, there was a very definitestimula- , 
tien 'Of metabolism as the result of previeuswork. Altheugh the general 
statement (E. Smith [12] and- many subsequent werkers) is that the effect 

/ 

, . 

/ 
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is very transitory, five minutes, at most, after ordinary work, Benedict and 
Cathcart found that the' increase might be continued for several hours. 
If Table CXXXVI, p. 166, et seq., of their monograph be consulted, it wil( 
be noted that there is a very persistent increase in metabolism followi:r;J.g 
severe muscular activity-a cha!lge, it,is interesting to note, which is barely 
indicated by the mere examination of the carbon dioxide output during the 
period. With the least severe forms of work,' it was found that "the after 
effect of muscular work is but little greater than that given by Loewy, 
namely, that the total excess oxygen consumption fqIlowing· work is 
approximately the same as for one minute of hard work." This general 
deduction was not found to hold, however, when the work done was severe 
or prolonged. The increase noted was unquestionably due to the previous 
muscle work, and, in one of the experiments, at least, it was shown to 
persist for "over five hours. . 

Accordingly, in column 6 of Table IV, an attempt has been made to 
assess the value of the hourly output more accurately than was done in 
column 5. :E:or the marching rates of 50 to 95 yards per minute, i.e., with, 
an output under 6 calories per minute, the cost of one working minute 
was added, ,the balance of the time of resting being assessed at the resting 
value of 1'3 calories. For rates between 100 and 115 yards per minute, 
i.e., with a minute calorie value below 8, the cost of one working minute 
and a half was added, and for values of 8 andab6ve, the cost.of two working 
minutes was added. It is admitted that the figures obtained are but a 
rough approximation; still, they show that apparently there is an optimum 
rate at which work can be carried out. It is, how,ever, always possible that 

··the seeming economy of a particular rate of expenditure may not be more 
than an appearance. 

As we have remarked more than once, the calculations founded upon 
these experiments do not pretend to afford more than an interpolation 
formula valid within quite narrow ranges of speed. A principal object of 
this note is to call attention to the fact that in this branchof physiology 
zeal often outruns discretion. With the help of a little algebra and some 
drawing paper, it is quite easy to construct mathematisal hypotheses, which 
will invBst experimental data with a seductive appearance of mathematical 

. precision, and bring them to the support of a great variety of physiological 
hypotheses. What is not, we think, so commonly realized is that· conditions 
necessary to give reality to these expedients have not been fulfilled. Such 
observations as those of Brezina and Kolmer cover a sufficient range, but 
provide an insufficient number of individual experiments; QUI' own data 

. (which were naturally not collected ad hoc) afford sufficient experiments 
but an inadequate range of points. Until both desiderata are fulfilled, in 
one and the same experimental series, efforts to express the fundamentaL 
physiological law in a quantitative form must be in vain. Yet the problem 
nere. touched on is not only of great practical importance, but evidently· 
capable of solution. 
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